An active cloak consists of a set of discrete multipole sources distributed in space. When the source positions and amplitudes are carefully specified the active field destructively interferes with an incident time harmonic wave so as to nullify the total field in some finite domain and ensure that in the far field only the incident wave is present, i.e. the active field is non-radiating. Here it is shown how to efficiently determine the source coefficients explicitly in the context of flexural waves in thin plates. The work is carried out in the context of Kirchhoff plate theory, using the Rayleigh-Green theorem to derive the unique source amplitudes for a given incident flexural wave.
Introduction
Controlling and limiting the vibration of thin plates has a multitude of applications in structural acoustics. It is a subject that has received great attention in the literature where a variety of techniques have been proposed to reduce the level of structural vibration and noise. See for example [1] , the text by Fuller et al. [2] and for an early example see e.g. Olson [3] . A closely related topic that has emerged over the last decade is that of cloaking, the effect of causing a region to be unseen by incoming waves in the sense that the scattering is zero in all directions, see [4] for a review. Two principal techniques have been proposed: passive and active. Passive cloaking [5] [6] [7] requires complex metamaterials in order to guide waves around some volume of space, or around a region in a plate. Passive cloaking methods have been successfully developed and demonstrated for flexural waves in thin plates. Thus, Stenger et al. [8] adapted the design proposed in [9] to make a freespace flexural wave cloak in a thin PVC plate. The flexural wave cloak was demonstrated at acoustic frequencies, and exhibited the largest measured relative bandwidth (more than one octave) of reported free-space acoustic cloaks.
In contrast to passive methods, active cloaking uses sources of sound to achieve wave cancellation. It does not involve or call for unusual materials or structural modifications. Active cloaking does however require knowledge of the incident field in order to activate wave sources that nullify the total field in a given region. Importantly the sources must be non-radiating.
Miller [10] first proposed the notion of actively cloaking a region by measuring particle motion near the surface of the cloaked zone while simultaneously exciting surface sources where each source amplitude depends on the measurements at all sensing points. Complete suppression of sound in a finite volume in an unbounded domain can be achieved using a continuous distribution of monopoles and dipoles with source amplitudes given by the Kirchhoff-Helmholtz integral formula [11] . The main disadvantage of solutions based on the Kirchhoff-Helmholtz integral is the difficulty of realizing in practice acoustically transparent sensor and actuator surfaces. It would be better to replace the surfaces by finite sets of discrete sensors and sources. As an active cloaking method this approach is also limited because it does not provide a unique relationship between the incident field and the source amplitudes. A solution to this problem was provided by Guevara Vasquez et al. [12] [13] [14] who showed that cloaking can be realized using as few as three active sources in 2D and four in 3D, a remarkable result. In [12, 13] algebraic systems were solved numerically to determine the required active source coefficients. Recently however explicit forms for the source amplitudes in terms of the incident wave were derived in the contexts of scalar Helmholtz [15] and elastodynamics [16] , both in two dimensions. The sources required in these solutions are multipoles, and full cloaking needs multipoles of all order. Such infinite multipole expansions are divergent, a point that was noted in the anti-sound community [11, pp. 262-4] . In practice, the infinite series is truncated, which limits accuracy but numerical simulations indicate that only a small number of multipoles may be required [15] . Despite such limitations, these results provide a rigorous basis for subsequent approximation. Other approaches to active cloaking have been suggested; for instance, Bobrovnitskii [17] described an active impedance-matching solution to making an object acoustically transparent, and also summarized earlier relevant work by Malyuzhinets. Bobrovnitskii later proposed acoustic cloaking using a non-local impedance coating, called coatings with extended reaction (CER) [18] .
Active cloaking is closely related to active noise control and anti-sound, the notion of which appears to have been considered first in a patent published in 1936 by Paul Lueg [19] . The focus of anti-sound or anti-vibration is to reduce the magnitude of a radiating field or to create so-called quiet zones in enclosed domains such as aircraft cabins using simple sources, see e.g. [20] for an overview. Typically a continuous distribution of monopoles and dipoles is employed as described in [2, 11] , although in practice only a finite number can be used. The difficulty in going from the former to the latter has been discussed many times, see e.g. [21] . No conditions are placed on the active field other than that it must nullify some field over a finite domain and in particular it is permitted to radiate into the far field. This is in contrast to active cloaking described here where the active field must not radiate. Relatively little work in the anti-sound community has focused on the exact shape of the quiet zone with the exception of [22] who calculated numerically the zone of silence ( o 10 dB) region created when the amplitude of a single secondary source was chosen to reduce noise due to a single primary source.
The purpose of this paper is to develop exact solutions for active cloaking of flexural waves in plates. The present work adapts the method employed in [15, 16] to achieve active cloaking in thin plates of uniform thickness and of infinite extent. The problem is considered in the context of the Kirchhoff plate theory, an approximate theory requiring that the plate thickness h is small compared to other characteristic length scales, but not so thin that the lateral deflection of the plate is comparable to h. Kirchhoff theory is notable in that shear energy is neglected and there is uncoupled membrane-bending action. Improvements to the theory can, of course, be considered but the Kirchhoff theory is extremely accurate in many physical applications in structural acoustics. The analysis presented here was first detailed in the PhD thesis of Futhazar [23] .
A procedure for active cloaking in flexural plates proposed by [24] differs significantly from the present work in that the authors choose a fixed number of active sources and then determine the monopole coefficients required to nullify a certain number of modal amplitudes from the scattered field. The method developed here is precise in principle, relying on the use of multipoles with amplitude uniquely and directly specified by the incident wave field.
The outline of the paper is as follows. Section 2 begins with an overview of the problem to be discussed and a brief review of Kirchhoff plate theory. The relevant integral relation is derived in Section 3, from which the main results regarding the explicit form of the source amplitudes and cloaked domain are shown to follow. General forms for the coefficients are derived and specific results derived for plane wave and point source incidence follow. In Section 4 necessary and sufficient conditions on the source coefficients are derived in order to ensure active cloaking. Numerical results to illustrate the implementation of the procedure for plane wave incidence follow in Section 5.
Kirchhoff thin plate theory and problem overview
With reference to Fig. 1 , the aim is to control the vibration of thin plates via M idealized point sources and in particular to nullify an incident field in some finite region C. The domain C is usually close to the source locations and in addition, unlike the case of anti-vibration, the aim is to ensure that the active field is non-radiating so that no evidence exists of its presence. If this can be achieved an active cloak has been constructed. In this paper the assumption is that vibrations are small enough Fig. 1 . An incident flexural wave is illustrated propagating in a thin plate that is unbounded in the x 1 x 2 plane. The aim of active cloaking in this context is to nullify the total flexural vibration of the plate in some finite region C by employing active sources, s 1 À s 4 here, whilst simultaneously ensuring that the radiated field due to the active sources is zero.
so that the Kirchhoff theory accurately describes their propagation and the forcing required to activate each active source itself does not cause scattering of any incident field. The Kirchhoff theory will first be summarized before explicit forms for the amplitudes of the multipole active cloak are derived.
Kirchhoff thin plate theory
As depicted in Fig. 1 consider a thin plate that is unbounded in the x 1 x 2 plane. Its thickness is h and is considered small compared to other length scales of the problem but large compared to the amplitude of the flexural vibration. As such, Kirchhoff theory is appropriate to accurately describe its deformation [25] . The plate properties are density ρ and flexural rigidity
2 ÞÞ where E and ν are Young's modulus and Poisson's ratio. The axes x 1 and x 2 of the Cartesian reference system ðO; x 1 ; x 2 ; x 3 Þ lie on the middle plane of the plate whereas x 3 is the out-of-plane (vertical) coordinate. The out-of-plane displacement is denoted Wðx; tÞ where x is defined as x ¼ ðx 1 ; x 2 Þ. The equation of motion governing the flexural deflection is
where f is the applied loading (force per unit area). Assume time harmonic behaviour, Wðx; tÞ ¼ RefwðxÞe À iωt g where ω is the angular frequency so that
where the wavenumber k is defined by k
The total field will be partitioned as
wherew is the specified incident field and w d is the non-radiating active field. In the next section the problem is formulated in detail and appropriate expansions of the wave fieldsw and w d are specified. In the section to follow the desired amplitudes of the various modes in the expansions associated with the active field are then derived exactly using the Rayleigh-Green theorem and thus the active cloak is constructed.
An overview of the active cloaking problem
The active cloaking system considered here consists of an array of M point-like multipole sources located at positions x m A R 2 for m A f1; …; Mg. The amplitude of the individual active sources is required to be of a form such that the incident field is nullified by destructive interference in some finite domain C. Defects and inhomogeneities in the region C therefore do not scatter and are undetectable by an incoming wave. The total active field w d must also be non-radiating. The active sources are in the exterior region with respect to C and this type of cloaking is therefore termed active exterior cloaking. As identified previously [15, 16] , the advantages of this cloaking mechanism are that the cloaked region is not completely surrounded by a single cloaking device, a small number of active sources are required, the procedure works in principle for broadband input sources, the cloaking effect is independent of the location of the scatterer or scatterers in the cloaked region. A disadvantage of this approach is that the active field may become uncontrollably large in the vicinity of the (point) source positions. Realistically such sources would be of finite extent however and as such the resulting magnitude of the field would be significantly reduced. It must also be stressed that the incident field must be known. Nevertheless it is emphasized that all that is required is an expansion of the incident field in the same basis as the active field, to be specified shortly in (4) .
The technique is illustrated in Fig. 2 where C depicts the cloaked zone generated by M active sources. It is shown in Section 3. Fig. 2 illustrates the problem in the context of plane-wave incidence but expressions for source coefficients will be derived for arbitrary incident fields.
The total wave field w is expressed in the form (3) where the incident and M source fields can be sought in terms of a complete expansion of separable solutions of the governing equation (2) in an appropriate coordinate system. Here it is convenient to use cylindrical coordinates and writẽ
In what follows Graf's addition theorems [26] are required, which are stated as
The active source problem is now to determine the coefficients B m;n and B m;n of (5) such that wðxÞ ¼ 0 for x A C, where our calculations should also permit the determination of C for a given distribution of source locations (M Z3).
Active cloaking

Integral equation formulation of the problem
All tensors arising in the following are defined with respect to the Cartesian basis introduced above. In order to determine the required source coefficients and the form of C the Rayleigh-Green theorem will be used so as to write down the form of the wave field in terms of an integral over the boundary of C. As shall be shown shortly this form will be expressed in terms of various physical terms. In particular introduce the stress tensor σ ij ¼ C ijkl w ;kl ðxÞ where
Á and f ;j denotes the derivative of f with respect to x j . The thickness averaged moment and shear components of the forces are then defined in terms of the stress as
Summation over repeated indices is implied throughout unless otherwise stated. Green's function associated with Eq. (2) satisfies the radiation condition and the governing partial differential equation
ÞGðx; yÞ ¼ δðx À yÞ (13) and is easily shown to be
With reference to Fig. 3 consider a region D chosen so that it contains no sources. Explicit forms of the active source amplitudes will be determined together with the subset of D that ensures cloaking. This region, already introduced as C, is depicted in Fig. 2 . By assumption w satisfies (2) in D and therefore the Rayleigh-Green theorem [27] is invoked in order to write
Here ∂D is the boundary of D as depicted in Fig. 3 . It is the union of the arcs ∂D m (note the difference between these and the arcs ∂D defined in Fig. 2 ). The vector n is the normal exterior to ∂D and q ¼ q i n i . Derivatives on the terms associated with Green's function are associated with y. The moment and shear forces associated with Green's function have also been defined as
where derivatives here are also defined with respect to y. Finally note that Q ¼ Q i n i . Next introduce the following identities:
where m N ¼ m ij n i n j ; M N ¼ M ij n i n j are the normal moments, m T ¼ m ij n i t j ; M T ¼ M ij n i t j are the twisting moments (t j is the jth component of the tangent t to ∂D), ϕ N ¼ w ;i n i ; Φ N ¼ G ;i n i and ϕ T ¼ w ;i t i ; Φ T ¼ G ;i t i . These allow the integral equation (15) to be simplified into the form
Physically this is a clean separation of three contributions to the field associated with shear forces, twisting moments and normal moments. Expression (18) can be employed for w; w d andw since each satisfies the governing equation. The cloaked region C is that part of D in which the total field w ¼w þw d ¼ 0 so that where on this occasion (18) has been employed forw. This therefore leads to the condition
which relates the active field w d to the three contributions of the incident field associated with shear force, twisting moments and normal moments. As such (20) is conveniently written in the form
with the subscripts on I S , I T and I N referring to shear, twist and normal respectively. Recalling the form of w d from (5) and motivated by the separation of the incident field into terms associated with shear force, twisting moments and normal moments write 
The aim is therefore to use (20) in order to choose each of the coefficients in (22) so that the associated contribution from the incident field is nullified in C.
General form of coefficients and requisite form of cloaked domain C
In order to evaluate the integrals in convenient form, use the first of each of (9) and (10) with ℓ ¼ 0 to rewrite Green's function, for jy À x m jo jx À x m j as
where γ is defined in (14) . Combining (5) with (22) in (20) and using the form of Green's function (23) and incident field expansion (4) in the integrals of (20) it may straightforwardly be shown that the integrals can be written in the forms 
where the bracket notation indicates that for example
a notation that clearly permits great conciseness. The coefficients associated with the shear term are
where it is noted that the integrals are now around the arcs ∂C m as depicted in Fig. 2 . These are oriented in the opposite manner to ∂C and hence a change in sign has been incorporated into the coefficients. This aspect also indicates the form of the cloaked region C as shall be described shortly. The change in sign in the last of (26) arises due to the use of
Finally the normal moment contributions, using n Á n ¼ 1, are
where again the change in sign in the middle term on the right-hand side arises from the use of the governing equations. The integral form of the active scattering coefficients (26)- (28) must hold for all m and therefore the cloaked region C is exactly the subdomain of D in which Graf's theorem can be simultaneously invoked for all of the M active sources. As such C must be the region with boundary ∂C as the closed concave union of circular arcs defined by fa m ; θ ð1Þ m ; θ ð2Þ m g which are denoted C m and are depicted in Fig. 2 .
In summary, the coefficients (26)-(28) determined here ensure that w¼0 in the domain C. However the fact that an explicit form for these coefficients has been derived in terms of integrals of the incident field over contours is of great utility. As will now be shown a general form for these coefficients can be derived and then more specific forms can be determined for given incident fields such as plane wave and point source incidence.
Introducing the notation 
The twisting and normal moment coefficients (27) and (28) 
Finally a check has to be made that the active source field vanishes in some region away from the cloaked region. Note that the Rayleigh-Green theorem holds for all x. However Graf's addition theorem has been used and therefore, rigorously speaking, the specified expressions are available only for x in the region
jx À x i jg. This latter region is therefore C [ R as defined in Fig. 2 . As was first observed for x A C, the active field therefore cancels the incoming wave due to the Rayleigh-Green theorem (15) . On the other hand if x A R then x is not in the domain bounded by ∂C corresponding to the integration domain and the Rayleigh-Green theorem ensures that the integral (15) is zero. Therefore the active source field is zero in the far-field region R. It is not possible to comment on the field close to the source regions because Graf's addition theorem has been used here. One can say only that as the number of multipole sources increases the field diverges inside these source regions, see Section 3.5 for brief further discussion on this point.
To conclude, given a specific incident fieldw, an active cloak is constructed by first choosing the number M Z3 of active sources and their locations. The active field then takes the form (5) where the source amplitudes are given by (22) and where for convenience the contributions are separated into contributions given by (30)-(32) which can be evaluated straightforwardly. This is now done for two specific cases of interest, plane wave incidence and point source incidence.
Plane wave incidence
Consider an incident plane-wave of unit amplitude in the direction ψ,
where it is recalled thatêðψ Þ ¼ ð cos ψ; sin ψÞ is a unit direction vector. This means that it is possible to writẽ 
Explicit expressions for these integrals are given in the Appendix.
Point source incident field
Consider now that a point source, located at x ¼ x s A R generates the incident wave and suppose that it is sufficiently far away from the domain of scatterers that any contribution to the incident field from the evanescent terms is negligible. That is, take A n ¼ 0 for all n. The incident field can therefore be represented in the general form
Furthermore since x s A R, for every m A f1; 2; …; Mg it is clear that a m ojx s À x m j. Therefore Graf's theorem is applied to deduce that for
As in the theory developed in [15] the general active field for the point source incident wave may be derived simply by exploiting linearity, integrating the source coefficients for plane wave incidence (34)-(36) with respect to ψ and using the
This gives 
Divergence of the active field summation
As was noted in Section 3.6 of [16] , the infinite sum expression for the active source fields defined by (5) with source amplitudes (26)- (28) is formally valid only in jx Àx m j 4a m . That is, the expression is not itself valid in the domains D m in which the sources reside! A valid form could be obtained by using the alternative version of Graf's addition theorem in the domain D m associated with the arc ∂C m but with use of the usual form of Graf in the domain A m , associated with all other ∂C n ; n a m. We would then be assured that the active field is zero everywhere outside C. However if this was done, the mth source would not be present in the domain D m since the active field would be bounded by construction.
Active cloaking for flexural waves via the method proposed above therefore requires that the expression (5) with source amplitudes given by Eqs. (22), (34)- (36) is employed for the active field everywhere but a finite number of terms must be taken in the multipole expansion in order to ensure that it does not diverge. The source amplitudes that appear in the infinite sum are used as motivation for the choice of source amplitudes that should be chosen in an active field that contains only a finite number of multipoles. This ensures a finite (but large) field inside the source regions. As noted before this issue was discussed in [21] . With a finite multipole sum for the active field therefore, perfect cloaking is not achieved but wðxÞ % 0; x A C;
The field is large (but finite) inside the domain [ i ¼ 1‥n D i . Finally note that a straightforward truncation of the active field may not be optimal in terms of cloaking and ensuring a non-radiating field.
Necessary and sufficient conditions on source amplitudes for active cloaking
Without loss of generality suppose that the origin of the coordinate system is located inside the cloaked region C and therefore a m o jx m j. As such the following theorems can then be stated regarding conditions on the source amplitudes. Theorem 1. Sufficient conditions for the active cloak to be non-radiating are
whilst only the first of these is necessary, as shall now be proved. 5 . The total field with 4 active sources, angle of incidence ψ ¼ π=8, wavenumber kr¼5 and N¼ 50. Since values in the source regions can become extremely large compared with the incident field, the source regions are simply shown in red here. (For interpretation of the references to colour in this figure caption, the reader is referred to the web version of this paper.) Fig. 6 . With kr¼ 5 and N ¼50, plots of (a) the absolute value of the total field jwj along x¼ y and (b) the total field w at y ¼0.1 with a log scale for clarity. A similar procedure is followed to that in [15] . The first of Graf's addition theorems (9) and (10) enables the active field w d ðxÞ to be written in an appropriate form in the far field, i.e.
This expression applies for jxj 4maxðjx m þ a m jÞ where
The sufficiency of (44) follows immediately by substituting these forms into the right-hand sides of (46), giving zero radiated field from the active sources, F n ¼0 and F n ¼ 0.
As regards necessity, first assume that w d does not radiate energy into the far field in R. Writing θ ¼ argx, the far-field form of w d ðxÞ is 
The power radiated into the far field only involves f ðθÞ and not gðθÞ and therefore although F n ¼0 is required for all n (which therefore dictates the necessity of the first of (44)), F n ¼ 0 is not a necessary condition due to the exponential decay of the evanescent terms.
Theorem 2. Necessary and sufficient conditions on the source coefficients to ensure that the incident wave is cancelled in the near-field (cloak) domain C are
Assume that the source coefficients satisfy (49). With x A C, the near field, then jxj ominðjx m À a m jÞ and the second of Graf's addition theorems (9) and (10) are used to write the near-field form as
where
Next use the forms (49) which therefore gives A n þE n ¼ 0 and A n þ E n ¼ 0, the total field is nullified in the cloaked region. As for necessity, assume thatw þ w d ¼ 0 in C. With x A C the form for the active field is as in (50). Combining this with the general form for the incident field stated in (4) and settingw þw d ¼ 0 means that (49) is required to hold due to the linear independence of U n ðxÞ and U n ðxÞ.
Implementation and specific examples
Active source configuration
We illustrate the result for plane wave incidence on configurations of the type shown in Fig. 4 . The M sources are symmetrically located on a circle. Thus for m A f1; …Mg
and by necessity a ¼ r sin ðπ=MÞ. By symmetry the circular arcs all have the same angular extent whose angles are defined by
Note that the cloaked region C can be formed by a minimum of three sources. A configuration with M¼8 is shown in Fig. 4 .
Analysis of the total field
Consider unit amplitude plane-wave incidence from an angle ψ ¼ π=8 and without loss of generality take r ¼1 with configurations of active sources of the type described in Section 5.1. Several examples will be considered in order to illustrate the extent of the cloaking effect. Most fundamentally the true active source field (5) cannot be employed in practice because there will be a limitation on the number of modes that can be employed. Indeed, traditional anti-vibration techniques struggle to go beyond dipoles, for example. As such define the field and subsequent investigations now centre on how effective such active cloaking is, for combinations of M and N given a value of the parameter kr. First consider the case when four active sources are employed with kr¼5 and N ¼50, i.e. a large expansion of multipoles, for which it is expected that the cloaking effect should be excellent. A surface plot of the (real part of the) total field is plotted in Fig. 5 where it is clearly seen that the incident wave is undisturbed outside the exterior region R. In the source regions the field is somewhat erratic and often large, as a result of the formal divergence of the field in this region as N becomes large as discussed in Section 3.5 and therefore a constant value of jwj ¼ 2 has been plotted in those regions for clarity in order to emphasize the field outside these domains; source regions will be discussed again shortly. From the figure it is clearly seen that the total field is nullified in the cloaked region C, the region bounded by the inner arcs of the source domains. Fig. 6 illustrates this behaviour further. In (a) the total field is plotted along the line x ¼y and indicates that the total field is zero in the inner region C. A sudden transition to the incident field outside C, i.e. in R is clearly visible. In (b) the absolute value of the field is plotted along the line y¼0.1, using a log scale for jwj in order to illustrate the size of the field inside the source regions. It should be noted that jwj ¼ jwj ¼ 1 in the region exterior to the source regions and jwj % 0 in the inner cloaked region, an approximation that would be further improved for a larger value of N.
The ability to generate multipole sources up to N ¼50 in reality is clearly questionable and therefore in Fig. 7 lower values of truncation are used, N ¼5 and N ¼10 in the case when kr¼10, i.e. at higher frequency. The footprint of the source region is clearly seen to be reduced significantly as compared with the N ¼50 case. Reducing the number of modes clearly gives a less beneficial cloaking effect. If N is to be reduced further then for the cloaking effect to remain significant it is clear that a larger number of active sources must be employed. This effect is studied in Fig. 8 where twelve sources are used in the case when kr ¼5. In (a) and (b) the simple case of N ¼1 is taken whereas in (c) and (d) N ¼2. It is notable that the cloaking effect is rather good in the case N ¼2, so that the number of sources compensates for the lack of modes, as should be expected.
Near-and far-field modal amplitudes
It has been shown schematically that the cloaking effect can be achieved in a fairly simple manner by either choosing a small number of sources with N large or a large number of sources with N small, the latter perhaps being the most practical to perform. It is clearly seen that the active sources are non-radiating and the total field in the cloaked domain C is negligible for appropriate combinations of M and N. Here the efficiency of the cloaking mechanism is considered by focusing on what are termed the far-field (F n ; F n ) and near-field (E n ; E n ) coefficients defined in (46) and (51) respectively.
If all terms in the active field (5) and therefore in the infinite sums in equations (44) are included then the far field is exactly zero and the incident wave is fully cancelled by the active sources. In practice, as in (53) these sums must be truncated at order N, limiting the order of multipole sources, so that the associated far-fields and near-fields associated with the active sources w d are approximated by Given the incoming frequency kr and with ka and M arranged as in Fig. 4 (other configurations are possible of course) then the cloaking strategy relies upon the subsequent choice of M, N. As such, in order to assess the efficiency of the cloaking the far-and near-fields are examined as functions of these parameters.
As has been proven in the theorems in Section 4, it is necessary and sufficient that for each n,
noting that for plane-wave incidence,
Consider first the far-field conditions. In Fig. 9 the coefficients jF app n j and jF app n j are plotted for each n A fÀ10; …; 10g for M¼ 3 (left) and M¼6 (right) with kr ¼1 and each curve is associated with a different truncation N. As should be expected, as both M and N are increased the effect of cloaking is improved. It is notable that when N is relatively small (e.g. N ¼5) even a modest number of sources achieves weak far-field scattering associated with the active field (considering that the incident field is of unit amplitude). The convergence of the far-field coefficients to zero as N increases is rapid as can be seen and furthermore the effect is fairly uniform for any value of n.
Turning now to the near-field cloaking effect, a number of results are illustrated in Figs. 10-12. Each curve in Fig. 10 is associated with a different truncation value N, highlighting the effect of varying N on the coefficients jA app n þ E app n j and jA app n þE app n j at a fixed value of kr¼5 for M¼4 (left) and M¼8 (right). The comparative effect of varying the number of sources M is shown in Fig. 11 for a fixed value N ¼100 with kr ¼5 (left) and kr¼10 (right). Finally, Fig. 12 compares the nearfield coefficients as a function of kr with fixed N ¼100 and for M¼3 (left) and M¼6 (right). Several features are evident from the near-field plots in Figs. 10-12 . First, notice in each case that the near-field coefficients increase in magnitude with jnj r N which is not the case for the far-field coefficients. In particular, the magnitude of the near-field coefficients can assume huge values for large jnj, values which decrease as N, M, kr are increased. However, it should be borne in mind that the relatively high values of jE app n þA n j and jE app n þ A n j do not mean that the incoming wave is not cancelled nor that the total field is divergent for smaller N. The coefficients jE app n þA n j and jE app n þ A n j are respectively multiplied by J n ðkjxjÞ and I n ðkjxjÞ for x A C thus for small kjxj and fixed n the limiting forms fJ n ðkjxjÞ; I n ðkjxjÞg $ kjxj=2 À Á n =ðn!Þ more than compensate for the large values of jE app n þ A n j and jE app n þ A n j and ensure a reasonable cloaking effect as has already been illustrated qualitatively. Secondly, it is noted that the near-field effect of cloaking is improved as both M and N are increased, as should be expected and as observed for the far-field coefficients. Fig. 12 indicates that cloaking also improves as kr is increased for fixed values of M, N.
Conclusions
The method proposed here gives, in principle, an explicit and precise procedure for cancelling a known incident flexural wave over a finite region of the infinite plate. For plane wave incidence Eqs. (5), (22) and (34)-(36) define the amplitudes of the M Z3 sources in terms of the incident wave for arbitrary non-dimensional frequency kr and direction of incidence. The analogous amplitudes for point source incidence are discussed (see Eqs. (41), (42)) and it is evident that arbitrary incident flexural wave fields can be accommodated by superposition of these elementary solutions. The active cloaking strategy is based on an expansion of the incident field in cylindrical waves, allowing the source field to be evaluated to any degree of accuracy by increasing the order of truncation N associated with the number of modes of the sources. Simultaneously the active field is non-radiating because it has been shown that it vanishes identically outside a region R.
The field cancellation method can be viewed as an inverse problem of finding the source amplitudes required for a given incident wave. Numerical simulations have explored the sensitivity of the derived unique solution to the inverse problem posed. The error associated with an order of truncation N has been studied in some specific scenarios. For both the near-and far-field amplitudes it was shown that the error decreases as N and M increase and as k increases.
In principal the ideas here could be applied to a finite plate with forcing in the time domain, requiring measurements of the incident field at some distance from the cloak region which are then fed back to the active sources in order that they respond accordingly. The solution of the inverse problem is obviously more complicated, but is expected to be unique in the same sense as that derived here. Progress on the finite plate solution requires knowledge of Green's function for flexural vibration in the finite domain, which can be found for specific geometries. However, more realistic structures must account for three dimensional geometry, mode conversion and attenuation [28] . The question of practicality remains open and limitations should be noted associated with the active approach. The sources must be invisible to the incident waves. In practice they themselves would scatter the incident field. Furthermore here it has also been assumed that the Kirchhoff theory holds. In practice a higher-order version of plate theory may be required to properly model the source fields. While Kirchhoff plate theory properly accounts for monopole, i.e. normal force sources, it does not include the effects of localized applied moments [29] , which are crucial for modelling multipole sources, whatever their mechanical genesis. Practical implementation must consider the power input into the plate or system by both the desired primary sources and the active secondary sources. Strategies for minimizing the total power in such systems [30] could be useful to consider in conjunction with the present approach.
While the present solution offers, in principle, an exact solution for active cancellation, it depends on exact knowledge of the incident flexural wave field. Limited measurement accuracy must be taken into account in assessing the implementation of active cloaking. Inevitably, the simultaneous constraints of measurement and source fidelity, e.g. number of multipoles, must be balanced. Whatever the outcome, the exact solution of the active cloaking problem given here provides a metric for optimal resolution.
Moving onto the moment calculations, the normal moment is m N ðyÞ m ij ðyÞn i n j ¼ ÀD½ð1 À νÞw ;ij ðyÞn i n j þ ν∇ 
Appendix B. Evaluation of the integrals defined in (37)
The required quantities L ij mn defined in (37) are determined as follows. Using the Jacobi-Anger identity in the same way as in [15] yields 
